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Abstract 
Let Lr, . . ,L, be a family of affine subspaces of li@, and let T, denote the orthogonal projection 
onto L,. We give a simple proof of the following result of Aharoni et al. (1984): 
For any x E Rd and any {ii},:, C{ 1,. , M}, the sequence {T,, T,,x}F, is bounded. 
Let L ,, . . . , L, be a family of affine subspaces of Rd, and let 7;: denote the orthogonal 
projection onto Li. 
The following result was proved by Aharoni et al. [l]: 
Theorem 1. For any x E Rd und any {ij},z, C[m] = { 1,. . .,m}, the sequence 
{T;, . Ti,X},“= , is bounded. 
Here we give a simple proof of Theorem 1. 
Let L, = a; + Ui where ai E Rd and Ui is a linear subspace of Rd, and denote by 
Pi the orthogonal projection onto Ui. Then I;(x) = P;(X) + (I - Pi)ai and Ti,, * . . T,,x = 
P,,, . . P;,x + f(in, . . . , il) where 
n 
f(in,...,it) = C PiJ7 ” Pj,+,(I - Pi,)aj,. 
j=l 
It thus suffices to show that the set 
{,f(&, . , il) : n > 1, i,, . . . , i, E [ml} is bounded. 
We shall need the following: 
Claim 1. There exists an 2 = cw(Ul,. , U,,,) < 1 such that IP,,, 
n;=, Uii = 0. 
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(1) 
Pi, 1 d C( whenever 
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Proof. We apply induction on d. The case d = 1 is clear so we assume d 22. It clearly 
suffices to show that for any 1 di 6 m and any linear subspace 0 # V c Rd such that 
Ui n V = 0 , there exists a /I = p(Ui, . . , U,, i, V) < 1 such that if $, Ui, = V then 
Ipip&, ’ ’ ‘Pi, 1 <p. 
Let Wi, = Ui, n V’ and denote by Q, the projection from V’ onto Wi,. Note that 
Pi,z = Qi,z for all z E VI. Let Q = Qi,, . . . Qi,, then by induction 
IQ1 <a(& n ?‘I ,..., U, n VL) = cc1 < 1. 
Since Vi n V = 0 there exists an a2 = q(i, V) < 1 such that IPivl <azlyl for all 
yE v. 
Let x be a unit vector in Rd and write x = y + z, y E V, z E V’. Then 
PiPi,, ’ ’ .Pi,x = Pi(y + Qz). 
Now on one hand 
lPi(y + Qz>l G IY + Qzl = &-j& dm. 
On the other hand 
JPdy + Qz>I G IPiyI + IPiQzI GEZIYI + ~(1 IzI. 
Combining (2) and (3) together with 1 = 1x1 = dm we obtain 
(2) 
(3) 
Ipipi,, . ..Pi.Xl d min{Jly12 + Cr~lz12,4yl + aiIz[} 
We shall prove (1) by induction on d. The case d = 1 is clear so we suppose d 2 2. 
Claim 2. There exists a constant A = A(L1,. . . ,L,) such that If(in, . . . , il >I <A when- 
ever ny,, Ui, # 0. 
Proof. Suppose V = fly=, ui, # 0. Denote by S the projection onto V and by Qi, the 
projection from V’ onto V’ n Vi,. As in Claim 1 Pi,z = Qi,z for all z E VI. Denoting 
b, = (I - S)aii E V’ we obtain 
f (in,. . . , il ) = 2 Pi,, ’ ’ Pi,+, (I - Pi, )Ui, 
j=l 
= 5 Pi, . . . Pi,+, (I - Pi, )bi, 
j=l 
= ,el Qi, . . . et,+, (I- Qi, Pi,. 
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Thus the existence of A follows from the induction hypothesis (applied to all sub- 
families of {Li, . . . , L,} whose directions intersect non-trivially). 0 
We now prove (1). We may assume that Ui # 0 for all 1 < i 6 m. Let Rj = Pi, and 
cj = ai,, then 
f (in,. . . , il) = 5 R, . ’ ’ Rj+l(I - Rj)Cj. 
Define {tp}>,a inductively as follows: Let to = 0 and suppose {tj}~zo were already 
defined. If t, = n set r = p; otherwise let j 
t,+l =max j<n: n Ui, #O . 
i=t,,+1 i 
Now nF:;,+, Vi, # 0 implies, by Claim 2, that 
If(itp+,,...,itp+l)I~A. 
On the other hand np:;p+, U,, = 0 so by Claim 1 IR,,,, 
IR, ’ . . Rt,,+, 1 <c&-~-‘)‘*. 
Combining (4) and (5) we obtain 
If(h,..., i,)l = 6 R,...Rfp+lf(ifp,...,itp_,+l) 
p=I 
(4) 
..R 1,+1 I <cr. It follows that 
(5) 
-2 
Remark. (1) Barany et al. [2] extended the planar case of Theorem 1 by proving the 
following conjecture of Aharoni et al. [l]: 
Let {Li}i be a (possibly infinite) family of lines in [w2 such that the set of pairwise 
intersections {Li n Lj}i+j is bounded and non-empty. Then the orbit of a point under 
any sequence of projections on {Li}i is bounded. 
(2) For 0<0< 1 and 1 <i<m let Qi(f3) = (1 - 26)Z + 26c. Ron Aharoni (Private 
communication) noted that the above proof of Theorem 1 extends to show: 
Theorem 2. Let 0<2 < 1 be Jixed. Then for any x E IWd, {ij}joo=, c[m], and 
{ej},W,, C[O,n], the sequence {Qi,(ej)...Qi,(e,)x}~, is bounded. 
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